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ABSTRACT
Mathematical formulations of the general optimum two-impulse orbital
transfer problem lead to expressions which, except for special cases, are
analytically intractable. Numerical techniques therefore were developed
and used to study optimum transfer modes—many orbit pairs yield four
useful relative optima. A parameter space was adopted to represent the
impulse function; that is, impulse was defined as a function of take-off point,
arrival point, and transfer orbit semi-latus rectum. This abstraction
allows visualization and detailed examination of surfaces of constant impulse.—
thus revealing the structure of impulse functions. Digital computer function
contouring methods a,-e utilized to accomplish this initial optimization and
function exposure. This entire procedure requires about 10 seconds of
IBM 360 computer time.
Once the optima are located by contouring they may be further studied
by an "adaptive steep-descent" procedure. The program will automatically
investigate the suspected optima revealed by contouring by conducting a
numerical search for the exact optimum. With this descent technique, an
optimum is found by taking trial and error search steps in a direction
approximating the negative gradient of the impulse function. The procedure
iv
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is an advance over older methods in that the step sive is adjusted automati-
cally to handle scaling and accuracy problems that are encountered when
detailed analyses of optima are &sired.
In this report, the program and its subroutines have been documented
and a sample problem presented. This function contouring and adaptive
steep descent program is written in double precision FORTRAN H.
Depending upon the complexity of the optimum regions, the program will
contour the entire function, produce detailed maps of all suspected optima
and converge to the minimum impulsive transfer in less than a minute of
IBM 360 time. The program's reliability and versatility have been
demonstrated repeatedly during studies of finite thrust orbital transfer. If
the user desires he may input only the central body name, the unit system
desired and the orbital elements. With only this minimal data the program
will carry- out the complete optimization procedure without additional input
parameter specifications. It therefore can be successfully used by relatively
untrained analysts.
SD 69-3
v
SPACE DIVISION o' NORTH AMERICAN ROCKWELL CORPORATION
CONTENTS
Section Page
I INTRODUCTION 1
II TWO-IMPULSE ORBITAL TRANSFER
FORMULATION	 .	 0	 0	 9	 0	 0	 0	 0	 0 4
III IMPULSE FUNCTION INVESTIGATION 9
IV p-OPTIMIZATION .	 0	 0	 0	 0	 0 12
V EXACT OPTIMIZATION BY STEEP DESCENT 16
VI CONCLUSION 30
VII REFERENCES 31
APPENDIXES
I. COMPUTER PROGRAM DESCRIPTION 34
II. EXAMPLE OF THE USE OF THE ORBITAL
TRANSFER OPTIMIZATION PROGRAM 47
III. COMPUTER PROGRAM LISTINGS 69
vi
SD 69-3
SPA(.E I VISION iir NOW111 AMKI(ICAN Rt)C.1;WE1,1, CORPORATION
ILLUSTRATIONS
Figure Page
1 Orbital Transfer Geomr-try 5
2 Schematic View of Impulse Function Space and Impulse
C ontour s	 0	 . 10
3 Optimum Impulse Contours for an Inclined Asymmetric
Orbit Pair (Contour Interval = 500 ft/sec)	 9	 0	 0 15
4 Descent Paths Plotted on Optimum-Impulse Contour
Map.	 0	 0	 0	 0	 0	 0	 0	 0	 0	 0	 0	 9 25
5 Convergence of Adaptive Descent and Stepwise Steepest
Descent Methods
	 .	 0	 0	 0	 0	 a	 0 26
6 Path Followed During Adaptive Descent Optimization of a
Function Having Long Narrow "Valleys".
	 0	 0	 0	 0 29
7 Modular Tree Structure of Two-Impulse Orbital Transfer
Optimization Program	 , 37
8 Data Input Format and Data Description.
	 0 40
9-27 Computer Output of a Sample Optimization Problem
	 0 50
28 MAIN Program Listing	 a 70
29 Subroutine DATSET Listing
	 0	 0	 a	 0	 0 75
30 Subroutine INPUT Listing	 0 77
31 Subroutine DEX Listing 81
32 Subroutine SURVEY Listing 	 0 83
33 Subroutine STEEP Listing
	 0 87
34 Subroutine IMP2 Listing 93
35 Subroutine ELIPSE Listing 100
vii
SD 69-3
viii
SD 69-3
SPACE MVISION. ' of NOR` IJ AMERICAN ROC:K11 EIA, ("'ORPORATIO
Figure Page
36 Subroutine CtONTUR Listing	 0	 0 0	 0	 0	 0	 6	 105
37 Subroutine CSONORD Listing
	 0	 6 0	 0	 0	 0	 0	 107
38 Subroutine ONSET Listing 109
39 Subroutine TRISEL Listing	 0	 0 a	 0	 4	 0	 0	 110
40 Subroutine TRICON Listir.g 	 0	 0 0	 0	 a	 0	 8	 112
41 Subroutine PLOT3 Listing	 .	 , ,	 ,	 .	 ,	 114
42 Function DBLDOT Listing	 .	 . .	 ,	 ,	 ,	 .	 115
43 Subroutine DBLCRS Listing	 0	 a a	 0	 0	 0	 115
44 Function DBLUNT Listing	 0	 0 0	 0	 0	 0	 116
45 Subroutine DBLVEC Listing 	 0	 a 0	 0	 0	 0	 116
46 Function DOT Listing 0	 0	 ,117
47 Function UNIT Listing 0	 117
SPACE DIVISION or NORTH AMERICAN ROCKWELL CORPORATION
NOMENCLATURE
Scalars
a
a
i
p
r
Semimajor axis
Magnitude of step siz4-
Eccentricity (magnitude of e)
Inclination
Semilatus rectum
,Radius to satellite
sl, s 2. , s 3 Scaling parameters
Ae	 Transfer angle (true anomaly difference in transfer orbit
plane)
µ	 Gravitation constant
01	 Angle from reference axis to departure position in initial
orbit
Angle from reference axis to arrival position in terminal orbit
w	 Argument of perigee, angle from reference axis to perigee
point
Vectors
e	 Orbit shape and orientation vector
g	 Unit vector in gradient direction
I	 Impulse vector
1\T 	Unit vector denoting reference direction (line of intersection
+	 of initit°+1 and final orbit planes)
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Vvc'tors
r
[ t^
(1vocc-nt rir siitcwllit y position vector
Unit voc'tor dirvot-d toward point of departuro from initial
o rbit
Unit vc a otor directed toward point of arrival in final orbit
Velocity v(-ctt^r
Unit vrctor direck- l along orbit' s angular momentum vector
Initial o rbit
t12
V
W
Subscr:^t^
1
2
	
Final orbit
t	 Transfer orbit.
ti
	
Transfer orbit departure point
t2
	
Transfer orbit arrival point
x
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I. INTRODUCTION
Success of a variety of space missions depends ultimately upon an
ability to maneu r in orbit. The high fuel requirements usually associated
with orbit-changing maneuvers make it essential that optimum orbital trans-
f :r modes be investigated. While these modes might not be employed in the
artual mission, they do represent lower bounds against which vehicle design
compromises may be measured. Furthermore, the optimum two-impulse
transfer has proven to be a very good approximation to its finite thrust
counterpart. It will therefore suffil,--N for most design studies.
This paper concerns a program for computing the optimum two-impulse
orbital transfer between any pair of unperturbed elliptical orbits. The
objective of the orbital transfer maneuver is to transform the five orbital
elements, p, e, w , i, 0 of an initial orbit to match corresponding elements
of a final orbit. This is accomplished by instantaneous velocity changes
(impulses) which may be applied at arbitrary points on the initial and final
orbits. Impulse optimization is accomplished for free end points; i. e. ,
impulse is minimized with respect to take-off and arrival points, as well as
transfer orbit geometry.
Little analytic information is known about the optimum orbital transfer
when end points are unspecified. Like many problems of celestial mechanics,
the formulation is straightforward and, except for special cases, the equations
1
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are analytically intractable. Thus, for the general problems, one either
accepts simplifications in the mathematical model or he must utilize numerical
techniques.
This report describes a program in which numerical methods are
empluyed to allow visualization of an ''impulse function space''—a geometrical
abstraction of the impulse function. This technique allows concise graphical
presentation of all optimum impulse information concerning any pair of
elliptical orbits. Prior work associated with the development of the con-
touring program which is described herein may be found in Refs. 1-10.
It was found that a computer contouring technique that produced a
visual ''map'' of the function was a powerful tool for examining the nature and
structure of the entire: impulse function. This technique made it possible to
identify all possible regions of a given function which represent optimum
transfer conditions.
Function contouring proves adequate for locating minima and for pro-
viding insight, but at times it does not yield the numerical accuracy that
would be required for actual orbital transfer. For example, for some
interesting orbit pairs the impulse functions have long, narrow ''valleys''
containing several minima. In such cases it is difficult to determine the
optimum transfer circumstances with a precision adequate for use in
engineering design studies.
Several steep descent processes (numerical techniques) were used in
an attempt to accurately and quickly compute the optimum conditions
2
SD 69-3
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
Experience with these processes demonstrated, however, that a more
powerful ''adaptive descent'' technique was needed.	 Such a technique has
now been included as part of this computer program.	 This numerical
optimization method has been applied successfully to the minimization of
numerous orbital transfer functions, and it is particularly effective for
optimizing functions which have long, narrow structural features.
The program described here combines much prior work in a form that
allows maximum flexibility in the solution of two-impulse transfer problems.
Depending upon the comxplexity of the optimum regions the program will
contour the entire function, produce detailed maps of all suspected optima
and converge to the minimum impulsive transfer in less than a minute of
IBM 360 tirae. The program's reliability and versatility have been demon-
strated repeatedly during studies of finite thrust orbital transfer. If the
user desires he may input only the orbital elements and the program will
carry out the complete optimization procedure without additional input param-
eters. As a further aid to the user, the program. tabulates numerous param-
eters concerning the optimum transfers. Experience has shown that the
given output parameter set is usually desired for further studies.
3
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II. TWO-IMPULSE ORBITAL 'TRANSFER FORMULATION
Referring; to Fig. 1, consider a two-impulse transfer process between
an initial orbit with elements p l , a 1 , w 1 , i and a final orbit defined by
P2 . e 2 , w 2 0 Tlio formulation assumes Keplerian orbits and results from
choosing the final orbit as the reference plane. That is, i is the relative
inclination of the two orbit planes (cos i = W 1 W2 , where W 1
 and W 2
 are
unit vectors directed along the angular momentum vectors of the initial and
final orbits)„ For coplanar orbits, the line of nodes or reference direction (N)
is arbitrary, but for inclined orbits N is defined as the line of intersection of
the two orbit planes (N = W 2 x W 1 / I W 2 x W l I ).
For the general case, there is a three-parameter family of transfer
orbits joining any two specific orbits. The angles from the reference line
to departure point (0 1 ) and from the reference line to the arrival point (02)
are a natural choice for two of the three independent variables, since they,
along with the given orbital elements, specify position and velocity in the
known orbits (Fig. 1). The semilatus rectum (p t ) of the transfer orbit was
the third parameter used for this study. It was chosen since it simplified
the structure of the impulse function, I (0 1 , 0 2 , pt ). It also avoided several
undesirable discontinuities that are present in other formulations. (A dis- ,
cus sion of the use of alternate variables may be found in Refs. 3 and 11. ) A
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
W2
Figure 1. Orbital Transfer Geometry
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discussion of the properties of the impulse function considered here appears
in Ref. 1. Additional properties of this function were obtained by Lee. (9)
TRANSFER GEOMETRY
Geocentric unit vectors (LT 1 and U2 ) and radius vectors (E l and r2)
directed toward the departure and arrival points may be computed from
Olt 0 2 and the elements of the initial and final orbits
U l = [cos 0 1 , sin 0 1 cos i, sin 0 1 sin i]	 (1)
U2 = [cos 0 2 , sin 0 2 , 01	 (2)
P^
r. =	 J	 Uj	 j = 1, 2	 (3)
— J	 1 + ej cos (Olj -wj )
Unit vectors normal to the three orbit planes are defined as follows:
W 1 = 10, - sin i, cos i]	 (4)
W2 = [0, 0, 11	 (5)
Wt = U 1 x U2 / I U 1 x U2 (	 U 1 x U2 0; 0	 (6)
Two vectors that define the shape and orientation of the initial and
final orbits complete the transfer geometry:
ej = e  [cos wj , sinwj cos ij , sinwj sin ij ]	 j = 1, 2	 (7)
The subscripts 1, 2, and t denote initial, final and transfer orbits.
6
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The true anomaly interval traversed in the transfer orbit (DO) may
be determined directly:
cos a 0 = (U l • U2)	 0'< 0 0 < 180 - 	(8)
No generality is lost if the true anomaly interval is limited to the first
two quadrants. Although this does restrict the problem to ''short transfers'',
the ''long transfers'' (180"< p 0 < 360 1 may be computed by changing the
signs of the velocity vectors in the transfer orbit. If sin A 0 = 0 , the plane
of the transfer is no longer uniquely determined and an alternate formulation
is required to avoid this singularityil2)
IMPULSE COMPUTATION
The function to be minimized is the total impulse for the two-impulse
maneuve r:
I = I?ll + IIZ I 	 (9)
where
11 =:* Vtl - V 1	(10)
12 = V2 
-T Vt2	 (11)
(When a douLle sign is used, the upper sign refers to a ''short transfer'').
Velocity vectors in the initial and final orbits at the departure and
arrival points (V l and V2 ) and the corresponding velocity vectors in the
transfer orbit ( V tl and V t2 ) are computed as follows:
V l
 = (µ/pl)1/2 wl x (el + Ul )	 (12)
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V 2 (µ/p2)1 /2 W2 x (@2 + U2 )	 (13)
Vtl	 ((1j./pt) 1 /2	 */pt 	 Wt x (e t + U l )	 (14)
Vt2 = (1-k/pt)1 /2 W t x (e t + U2 ) *	(13)
The final impulse equations are obtained from Eqs. 10-17 by substituting
Eq. 6 and performing; several algebraic manipulations:
11 = t [v_ + ZU l ] - V l	 (16)
I2=V2T[V-zU21	 (17)
where,
V
 = I
(µpt ) 1/2 L2 - r l ) / r 1 x r 2	(1$)
Z = (µ
/pt) 1 /2 tan (A0 /2)	 (19)
Impulses corresponding to ''long'' and ''short'' transfers are compared
by changing the double sign in Eqs. 16 and 17, and the combination producing
the lesser impulse is used for the remaining computations.
* Note that et is an intermediate variable similar to el and e2 ( as in Eq. 7 ),
but no formula is given since it later drops out of the derivations.
8
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III. IMPULSE FUNCTION INVESTIGATION
While the formulation of the expressions for impulse computation is
relatively straightforward, the exact mathematical expressions are not sus-
ceptible to analytical solution. One must therefore resort to numerical
techniques for optimizing the solution vector I (0 1 , 02 , pt)'
At best, conventional numerical search techniques only provide infor-
Mation concerning a function's local properties. (13) Yet a detailed under-
standing of the impulse function's structure is essential for interpretation of
numerical results. The number, shape, and relative importance of minima
are requisites to a complete analysis of transfer problems since numerical
optimization methods (e. g. , steepest descent) find only that minimum impulse:
which is closest to the point of search initiation.
A geometric ( 11 0-space") representation of the impulse £unctior was
adopted. In Figure 2, pt , 0 1 , and 02 are measured along the principal axes
of an orthogonal coordinate system. All possible transfers between a pair
of orbits (excluding the AO = 0° and AO = 180° function singularities) lie
within the volume defined by 0':5  0 < 360 0 , 00 < 0? < 360 0 , 0 < pt < + co . Of
course, 0 1 and GA L undergo cyclical repetition outside this volume.
Studying the impulse function in 0 -space required visualization of sur-
faces which are the loci of points having the same impulse. These "impulse
surfaces" are generally closed and surround optima in much the same manner
9
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Figure 2, Schematic View of Impulse Function Space and
Impulse Contours
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that the successive layerr, of an onion enclose its center. Impulse surfac vt -
may i)e visualized and studied by considering their traces upon a cutting
plane (Fig. 2). The resulting contours o f equivalent hiipulse that appear in
rtiost of the figures presented here have been found to provide a wealth of
data in a concise easily understood form.
These contour reaps are produced frorii an array of impulse values
which are parametrically generated from Equation 9 with 0 1 , 0 2 , or p t being
held constant. Constant impulse contour lines, consisting of :short straight-
line segments, are than fitted between the survey points. It is important
to note that the fidelity of the contouring; technique depends directly upon the
number of survey points. This fact should be remembered when examining
certain structural details of the contour maps produced by the computer
program.
Several seconds of IBM 360 time are required to contour a typical
:g ray of survey data (500-1, 000 points). An SC-4020 CRT is then employed
to plot the contour maps.	 A description of the contouring technique appears
in Refs. 5 and 7. These contouring routines form an important package which
is part of this complete computer program.
11
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IV. p-OPTIMIZATION
The technique of passing a number of cutting planes through a given
0-space- sufficos to isolate optima and other pertinent features. However,
as a O-space bCCO111V8 more coniplcx, this technique requires that numerous
contour maps be generated. A ''j)-optinAzation" technique was developed to
overcome the above difficulties and thus present one contour map containing
only optimum impulse information. Given 0 1 and 02 (i. e. , r l and r 2 ), it is
desired to find that p t which niinin-ices the impulse defined by Equation 9.
The differentiation of Equation 9 yields
1 1 	 dIl	 12 - d 12
(I I -	
I II — 
+	
1 121	
(2-0)
Since V I
 
and V2 are independent of pt
(21)
Pt	 a Pt
a 12	 6V—t2 (22)
a pt	 a Pt
This leads to an expression for the derivative of impulse with respect to pt
which may be set equal to zero.
! l	 z LTj)	 1Z. (v + z U 2 ) _
= 0
	
(2 3 )
a pt	 2pt	 (I2I	 1	 1
Equation 23 is used to direct a numerical search that seeks the value
of pt that minimizes impulse for the given 0 1 and 02 . Though Equation 23
12
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has several roots, usually only those roots which correspont' to elliptical
transfer orbits are useful for impulse minimization. For certain elliptical
orbit pairs, it can be shown that optinium two-impulse transfers between
particular groups of end points result in hyperbolic transfer orbits. (9) The
range of	 which produces an elliptical transfer orbit is bounded. These
boundaries (parabolic orbit limits) are defined as follows:
r l r 2
 - rl x2
Pmin =	 1 2	 (24)
r l + r 2 + I 2(r l r 2 + 1 1	 r2)l
r l r 2 - r l . E2	(25)
Prriax '
r l + r 2 - 2(r l r 2 + r l
 - r2), 1/2
Except for certain special cases, only one minimum, impulse will occur
between these limits. (9) An effective numerical technique has been devised
to seek the required optimum impulse solutions where PnAn < Pt < Pmax-
The contour maps presented throughout the remainder of this paper
were generated using this technique. Approximately 500 p-optimizations
were required for the generation of each contour map, a process which
requires 5-10 seconds of IBM 360 time.
Figure 3 is a p-optimized survey of the O - space associated with the
orbit pair which was examined in Figure 2. Note that the optimum impulse
(feet per second) for any 01 , 0 2 may be read directly from the contour map.
The advantages of the p-optimization technique should be apparent from a
comparison of Figures 2 and 3. Complete description of a 0 -space requires
the generation of numerous cuts at various values of one of the rariables.
13
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Once these cuts are available, it is difficult to extract the optimum impulse
information. The p-optirnization technique allows complete description of the
optimum impulse regions of a 0 -space in one contour map. One may easily
proceed from these contour maps to numerical searching programs which
permit exact detailed examination of regions of particular intern-. -f.
Note that Figure 3 readily illustrates the circumstances of the four
optimum transfers. At the same time it is possible to note their relative
importance and to infer certain other properties such as error sensitivity,
i. e. , a I/a 01 and dI /aO 2 may be approximated from the contour maps. Other
features of 0 -space structure such as regions of extreme impulse are appar-
ent. Contour levels are usually printed beside the maps and areas not
contoured require more impulse than the highest level contoured.
14
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Figure 3. Optimum Impulse Contours for an
Inclined Asymmetric Orbit Pair
(Contour Interval = 500 ft/ sec)
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N*, EXACT OPTIMIZATION BY STEEP DESCENT
IN I RODUCTION
Within subroutine SURVEY which produces the impulse contour map of
Fig. 3, it has been possible to construct logic to identify points which are
possible local minima.	 The program may be instructed to investigate each
of these points by conducting a detailed search for a local minimum. The
logic and procedures required for such investigations are detailed in this
section along with some examples of the program's functioning.
IMPULSE MINIMIZATION
Minimization of Eq. 9 by a steepest descent technique requires com-
putation of the gradient. Recalling that differentiation of Eq. 9 provided the
following expression:
(I1	 dIl)	 (12 	 dI2)dI =	 +
^Il)	 II2)
One may proceed with further differentiation as follows:
ai _ \I1   a pt /+ \IZ - ap >
a pt	 1111 	 1 (26)
16
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a
at _ ^Il ^
ail
 
a01 ) +
001
	 ii
ail
at Il ' a0y
ap Z °	 I Il
ail
Iz ail/
Iz . 80?
 r'
1 I2 I
(27)
(28)
Terms in the above expressions may be expanded.
al l
	aVtl - aVl
apt 	 apt	 apt
a z = avt2 + aV2
apt 	 apt	 apt
a I1 _ ^ aVt1 _ ail
a 01	 a 01	 a 01
(29)
a?l 	 aVt1
	
aVl
a0z	 a0z	 a0z
aiz _ avtz
+ 
iv-2
a0 1 	 a0l	 a01
aI2 =
	
avt2 + ay?.
a02 	 a0z	 a0z
Noting that aV l / apt
 and aV2 /a pt are each zero, a simplified expression for
aI/a pt may be obtained through several algebraic manipulations:
8Iz
17
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dI	 1	 I 1 . (°; - r.U l )	 I2 	 (v + ZU2)
d pt -	 2p t 	 I 11 (
	
112 1
Additional expressions are obtained from Eqs. 26 - 29 by direct differentiation
of the vector equations.
dytl	 1/2 Pt U
	
d csc ae csc A6 dr l
60, - ( µ /pt)	 rl -2	 d0l	 rl 	 d01
+ 1 - -tt 	 Ul d csc 18 + csc Ae aU1
r 2 	 a0l	 a01
UUl d cot A6 
_ cot 08 a-1	 (31)
a0 l 	 a0 l
	
ay, 
_ (4/pl) 1 /2 (-cos 0 1 , -sin 0 1 cos i, -sin 0 1 sin i	 (32)
ail l
aVtl _ (4 /pt) 1 /2 pt U2 a csc A8 + csc A0 dU2
a 02	 rl	 a o2	 a 02
r
+U1	 1 - Pt a csc D8 + pt csc m8	 2
r
1 ( 	 )2	 a^2	 r2	 d02
a cot AO
	 (33)
_
a02
aVl = p	 (34)
a02
18
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Ud-T t2 . fµ/pt)1 12
 _ 
Pt U1 dcscAO + c g cA 0 8—1
a 0 1	 r2	 d01
	 801
+ U	 1 - pt a csc A6 _ pt csc08 art
—2	 r1	 d01	 r12
	 a0l
+ dcot A 0
001
8Y2
=0
d01
(35)
(36)
ay t2	 1/2 p t 	 dcsc&0
	
1	 ar2
80 = ( 4 /p t )	 r U1 -	 a0	 + Y csc ^ 0 80z	 2	 2	 '2	 2
_ 1- Pt	 U2 a csc A 0 + csc A 0
r 	 802	 a02
	
+ U2 6 cot A0 + cot A 0 dU 2
	
(37)
602	 a02
2 = 
( µ /p 2) 1 /2 [ - cos 02, - sin 02, 060
The remaining terms in Eqs . 31-38 may be computed from the
following expressions
aUl = [-sin 0 1 , cos 0 1 cos i, cos 0 1 sin i]
E) 01
a U 2 = [-sin 0 2 , cos 02, 01
a02
(38)
(39)
(40)
d r 2	r2 2 e 2 sin (0 2 - w2)	 (4.2)
a02
	
P2
19
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0 csc A 0 _ _ csc A 0 cot ®0 6A 6 j - 1, 2
	 (43)
ocotOe 
= - csc 2 O0 a&0 j = 1, 2
	 (44)
0 Oj
	a0j
The following convenient expression for o0 allows computation of
the remainir.g derivatives:
08 = cos -1 (cos 0 1 cos 02 + sin 0 1 sin 0 2 cos i)	 (45)
aAe -(-sin 0 1 cos 02 + cos 01 sin 0 2 cos i)
d e l f 1 - (cos 01 cos 0 2 + sin 01 sin 0 2 cos i)21 1 ^2
a00 - (-cos 0 1 sin 0 2 + sin 0 1 cos 02 cos') (47)
d0 2 [1 - ( cos 01 cos 02 + sin 0 1 sin 02 cos i)2l 1/21
NUMERICAL OPTIMIZATION
Since the necessary conditions for a minimum impulse (setting
Eqs. 26, 27, and 28 equal to zero) yield an intractable set of equations, one
is faced with the problem of numerically solving an ordinary calculus
problem involving the minimization of a function of three variables. Early
attempts to minimi2,e the impulse function considered here were successful
but often required excessive amounts of computer time(" )The scheme
reported in Ref. 11 was a stepwise steep descent procedure similar to one
of several methods discussed by Kelley: (14) the local negative gradient was
computed and a step-by-step search in that direction was continued until a
minimum was reached. Then, a new gradient was computed and the search
was continued in same new direction. This whole process was repea^ed
until the minimum impulse was found.
20
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A procedure which was found to be computationally superior to the
steep descent scheme reported in Ref. 11 was to make; each step extremely
small and to recompute the gradient after each step. In this manner one
may cause the search to proceed stepwise in the approximate direction of
the steepest descent. Ref. 12 contains a comparison of the convergence of
the two methods. Although these two methods were later shown to be
inadequate for minimizing the functions to be considered here, they were
capable of producing valuable results (some of these results appear in
Refs. 15, 16, and 17).
Due to the wide variety of impulse functions which may occur, it
was desirable to develop a descent method having; sufficient flexibility to
overcome the vagaries of any par.tit-ular function. Further, a method which
would provide information concerning the structure of a function's "valleys"
was considered very desirable. In practice, this information is valuable
because non-optimum orbital transfers corresponding to points on a "valley
floor" often must be considered in order to satisfy rendezvous constraints. (15)
Rapid convergence was not considered to be a necessity. Instead,	 it was
desired to insure a methodical search to the nearest local minimum. A
rapidly convergent p rocess which might converge upon some other nearby
minimum was to be avoided.
COMPUTATIONAL PROCEDURES
The "adaptive descent 11 process conducts a step-by-step numerical
search employing Eqs. 1 - 47. The search is terminated when the
following necessary conditions for a local minimum have been achieved:
21
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0I
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di	
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'1
	
= (I, 0< C I << 1. 0	 (48).^ l ► 	 ^ 1, ^-
	
x,0 1 	 i) 02	 apt
During the n'th step of the search the gradient vector is computed and the
n + 1st coordinate vector is determined as follows:
where a modifies the step size, the s j
 are variable scaling parameters, and
g 1 , g 2. , and 93 are the components of a unit vector in the gradient direction
(see below). Note that the scaling factors are normalized relative to one of
the scaling parameters (s j ). This normallzation is necessary since it
provides a reference magnitude for the determination of the step size. Note
that this normalization in no way restricts the direction of step since the
ratios s 1 : s 2 : s 3 and s 1 /s j : s2 / s j : s 3 /s j are equivalent.
Eq. 49 is employed to generate points at which the impulse function,
I (0 1 , 02 , pt), is evaluated. An additional constraint on the process
requires that the sequence of computed impulses I (0 1 , 0 2 ► pt)n be monotone
decreasing.
The control logic for the optimization process is as follows:
(1) If the inequality
I (0 1 , 0 2 ► p t ) n + 1 < I ( 0 1 , 0 2 , pt ) n	(50)
22
SD 69-3
SPACE, DIVISTO.N Ri te NORT11 AMERIC.MN ROCK%NE31. CORPORATIO.N
is not satisfied, a is decreased by a prescribed percentage, and a
new coordinate vector (01, 0 2 , Pt ) n 4 1 is computed. This n'th
stage of the process is repeated until Ecj, 50 is satisfied or
a :^;E 2, a 4, c2 ._C' 1. 0. When a is c 2 sufficient convergence has been
achieved and the process is terminated.
(2) If Eq. 50 is satisfied, the (n + 1) coordinate vector is adopted
and the n'th stop is, considered complete. If Eq. 50 is satisfied
during each of a number of steps this successful behavior is
rewarded by increasing a by a prescribed percentage.
(3) Since the scaling parameters are normalized, only their relative
size is of interest. To produce a change in relative size, one
may simply penalize undesirable behavior by decreasing a given
scale factor by a predetermined percentage. In practice, a
scaling parameter (sj ) is decreased each time the corresponding
component of the gradient vector (gj) changes sign. No provision
for increasing s j is required since decreasing s i , (i- rj), auto-
matically causes s j to become relatively more influential.
This process control philosophy is simply a trial and error problem-solving;
procedure. It does, however, provide a flexible and reliable method of
handling the inevitable scaling problems that were associated with steep
descent or standard gradient methods.
Kelley(14) notes that it is usually necessary to employ a normalization
procedure when the variables have different dimensio i,s. He also notes that
it would be desirable to find a transformation that would map a complicated
23
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impulse function into a more symmetrical form; e. g. , concer ► .ric spheres,
i'he "adaptive descent" process tends to achieve both of these desirable
ob.ioctives, and yet, it is a siniple, reliable, method which is easily pro-
granimed for digital computer solution. The fact that only about one ac-.ond
of IBN1 160 time is required to determine a typical local minimum of the
impulse functions considered here is offered as further testimony to the
practicality of this procedure.
CONVERGENCE PROPERTIJ S
An impulse functi on associated with a pair of inclined elliptical
orbits, (p l = 5000 mi, P2 = 6000 mi, C1 = e2 = 0. 2, w l
 = - 90*, w2 = +300,
i = 5 0 ), was investigated with an IBM 360 FORTRAN H double precision
computer program incorporating the adaptive descent technique. a'his
particular function was previously studied in Ref. 1 by generating an
optimum impulse contour map (Fig. 3).
The descent paths associated with a number of starting points ha v^
plotted in Fig. 4. This impulse function has well defined minima and
therefore offers no significant optimization problems. The four minima
predicted by contouring are quickly established with required accuracy
(13 significant figures). Table 1 contains the parameters associated with
each minimum.
The first curve in Fig. 5 illustrates the convergence of the adaptive
descent program during an optimization involving one of the minima in
Fig. 4. For contrast, an impulse function having nearly flat-bottomed
24
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Figure 4. Descent Paths Plotted on Optimum-Impulse Contour M-:,p
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Table 1. Optimum Transfer Parameters
Initial Orbit p l = 5000. mi, e l = 0. 2,	 w l = -90. °0,	 i = 5.
Final Orbit	 p 2 = 6000. mi, e 2 = 0. 2,	 w 2 = +30. °0
Optimum	 01 Deg -	 0 2 ,	 Deg pt, mi Impulse, fps
1	 73.8152 187.5568 6644.8496 4902.651223852
2	 40.8343	 298. 2634	 6617.7904	 5343.148693477
3	 177. 8114	 73. 6465	 4611. 8023	 5393.781144757
4	 308.2034	 37.7403	 4592.8574	 5654.191209679
long narrow "valleys" was optimized by the adaptive program and by step-
wise steepest descent. This data is also plotted in Fig. 5. Although
convergence is not as rapid for this particular function, it is clear that the
adaptive method is superior to stepwise steepest descent.
Fig. 6 compares the two methods by plotting she search paths in the
0 1 , pt plane. The impulse level (I) corresponding to the number of steps
in the search _r}, is also noted. By the end of the first 100 steps the
adaptive program had found the bottom of the valley and had ascertained its
long narrow shape. During the next 100 steps the program made rapid
progress down the valley. Note that the impulse differences soon were in
the 7 1 th significant figure. It is also apparent that most of the movement
throw-shout the space is concerned with these last few significant figures.
The poor progress of a stepwise steepest descent process is plotted for
comparison. One may observe that the adaptive descent program tends to
move along the true path of steepest descent in spite of the fact that
iYSdividual steps are not taken in the local negative gradient direction.
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of a Function Having Long N,-:f row "Valleys"
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Further numerical results may be found in References 18, 19 and 20.
There, extensive studies using the adaptative descent program show that
two-impulse transfers between certain orbits require less velocity change
than a continuous thrust transfer known as the Lawden Spiral. Until
recently, the Lawden Spiral had been considered optimal.
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VI. CONCLUSION
Methods for systematically studying optimum two-impulse orbital
transfer between any pair of elliptical orbits have been developed and used
to investigate the properties of an "impulse function space". A contouring
technique was utilized to present large amounts of optimum impulse infor-
mation in a concise easily understood form. The results obtained from
function contouring have been verified through the use of steepest descent
optimization procedures. An "adaptive" numerical method for the computa-
tion of optimum two-irnpulse transfers between inclined non-coapsidal
elliptical orbits has been developed and incorporated into the overall optimi-
zation program. This program has proved to be a fast means of computing
optimum transfer conditions with the accuracy nee6ed for research and
engineering studies. Optimum impulse transfers obtained from the double
precision steep descent optimization always indicate a smaller impulse than
those obtained from contouring. In all instances the insight gained through
contouring methods proves to be an invaluable aid to subsequent precise
optimization and/or research into the nature of optimization problems.
The appendix of this report contains a computer listing of the required
IBM 360 FORTRAN H digital computer program. A program description and
a sarnple problem which demonstrates typical usage are also preEented.
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APPENDIX I
COMF oTER PROGRAM DESCRIPTION
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APPENDIX I
COMPUTER PROGRAM DESCRIPTION
INTRODUCTION
This appendix contains a discussion of the nature and structure of the
authors' two-impulse orbital transfer optimization program. The program
is the result of 10 years of work in the field of orbit mechanics. Its therefore
represents a distillation and compilation of numerous methods and techniques
which have proved their usefulness.
The authors have long been interested in developing a single program
that provided a maximum amount of useful information about a particular
optimization and yet allowed an unfamiliar user to input minimal parameters
concerning his problem. Many of the program's functions that would ordinar-
ily be specified by the analyst are performed automatically — thus providing
rather complete information in a single computer run. In the event additional
runs prove necessary the initial run will have provided sufficient information
for accurately choosing the parameters required for the supplementary runs.
In short, the program is highly problem-oriented and should prove very
useful to the systems analyst or engineer who is primarily interested in
answers rather than theory. Of course, the program will still prove very
useful for guiding theoretical work aimed at exploring the nature of orbital
transfer maneuvers.
PROGRAM STRUCTURE
The program has been written in the FORTRAN H programming lan-
guage for the IBM 360 Model 65 digital computer. Of course, many of the
subroutines were originally written in FORTRAN II and FORTRAN IV and
therefore reflect the restrictions inherent in those earlier languages.
The program is basically concerned with three kinds of operations:
(1) inputting the data and parameters and performing preliminary
35
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trantiforniatiuns, (v) performing surveys of impulse functions and generating
c 'holm maps, and ( i) the precise optimization of particular transfer rnac:eu-
vr rs by steep descent. This program structure is prominently refle ,, ted in
the niodular tree structure diagram appearing as Figure; 7. The numerous
subroutines required by the program are noted in the diagram together with
thoir line , of c onlniunication. The functions of the subroutines are best
discussed with reference to Table 2, which provides a brief description of
the duties of each individual module. The main program calls five high level
subroutines directly; i.e., DATSET, INPUT, DEX, SURVEY, and STEEP.
The DATSET subroutine simply provides reasonable values for all input data
parameters which would otherwise be read through the use of subroutine
INPUT. The INPUT subroutine functions in such a manner that it is neces-
sary to enter only those data parameters which are being modified for a
particular ru.1. That is, a data field may be left blank and the program will
not change the previously existing value of the parameter which is in storage.
The data cards are each numbered in columns 79 and 80. The number
appearing in these columns identifies the data card and thereby tells the
program what it should expect to be on that particular card. For instance,
card 01 contains the elements of the initial orbit. Because of this procedure,
the data cards may be read into the program in any order desired. The
program will then read and translate each card individually. A non-zero
entry in column 78 instructs the program to terminate the card-reading
operation and return to the calling program. The above procedures allow
one to process an additional case by changing only one data parameter on one,
card and by simply adding that data card at the end of the data deck. This
process is illustrated further in the sample data sheets of Figure 8. Once
the data is entered the DEX subroutine performs transformations which
return the orbital elements to the form of Equations 1 through 8, corres-
ponding to Figure 1. That is, the fundamental plane is the plane of the final
orbit and the reference direction is the line of intersection of the initial and
final orbit planes.
36
SD 69-3
—TRICON —PLOT3
SD 69-3
SPACP DIVISION oi r NORTH AMERICAN ROCKWELL CORPORATION
DA'TSET
INPUT
DEX^DBLCRSDBLDmT
DBLUNT
MAIN
DBLVEC
DBLDOT
IMP2 —
-DBLUNT
DBLCRS
URVEY
CONGRD
CONTUR^CONSET
TRISEL
DBLVEC
PBLDOT
TMP2
DBLUNT
DBLCRS
STEEP -_^-DBLUNT
DBLCRS
DB LDOT
ELIPSE	 UNIT —DOT
Figure 7. Modular Tree Structure of Two-Impulse Orbital
Transfer Optimization Program
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Table 2. Functions of Program Modules
Module Name	 Module Function
MAIN	 Executive program for the optimizing package. Per-
forms common assignments and handles the logical
operations associated with solving a particular optimi-
zation problem..
DATSET	 Provides a standard set of data that will suffice for
most problems.
INPUT	 Reads and prints initial orbit geometry and other data
parameters to be used in impulse computations.
Reads only those parameters that are specified on
data cards.
DEX	 Computes orbit geometry information to be used in
impulse computations. Performs coordinate
transformations.
SURVEY	 Generates an array of the impulse and pt values which
are to be contoured. Calls the contouring package
and generates a p-optimized -map of the impulse
function. It then scans the array of impulse points
and identifies possible local minima for further
investigation.
STEEP	 Executive subroutine for conducting an adaptive steep
descent search for a local optimum.
ELIPSE	 Projects initial and transfer orbits on final orbit plane.
Plots all three orbits, node line, impulse vectors,
perigee lines and radius vectors to the transfer
points. Labels the resulting figure.
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Table 2. Functions of Program Modules (Continued)
Module Name	 Module Function
IMP2	 Performs optional p-optimization. Computes impulse
and its gradient as a function of 01, 02, pt.
CONTUR	 Executive subroutine for the contouring package (see
Reference 7 for further details).
CONGRD	 Generates grid (if desired) and scaling information for
subsequent plotting of contour map. Plots contour
identification table, parameter table, and titles.
CONSET	 Computes and/or sets appropriate contour intervals.
TRISEL	 Selects triangle to be contoured.
TRICON	 Performs actual contouring operation including inter-
polation to compute the end points of the line segments
which are t-.-.en plotted by PLOT3.
PLOT3	 Plots individual line segment: which form contour
lines. Labels contour lines.
DBLDOT	 Double precision function that computes the dot-product
of two vectors.
DBLCRS	 Double precision subroutine that takes the cross-
product of two vectors.
DBLUNT	 Double precision function that unitizes a vector,
DBI.XEC
	
Double precision s'.'broutirte that sets up a vector by
stipulation of it;7 t3ait.rty,k?G:nt:$.
DOT	 Single preclsioa -, F, $ r t tit , that computes the dot-product
of two vectors.
UNIT	 Single precision function that unitizes a. vector.
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If the program has been instructed to produce a contour map of the
p^-optimized impulse function for the entire function space, the main program
will transfer control to subroutine SURVEY, Within SURVEY numerous two-
impulse transfers are computed so as to produce a grid of data points for
subsequent contouring. Each point is produced by entering the IMP2 sub-
routine and finding a two-impulse 'CranSfer for the given take-off and arrival
points such that impulse is minimized with respect to p t . Once the grid of
points is available the contouring package (Reference 7) is instructed to
produce a contour map similar to that of Figure 3. Since the entire space is
usually searched during this initial optimization, and since one usually
desires to know if local minima exist within the survey space; the program
next examines each point to determine if it exhibits less impulse than its
immediate neighbors. Since such points usually correspond to local "rir+":."'a
they are tabulated and ranked for further computations.
At this point in the computations the user has the option of instructing
the program to perform a detailed examination of each suspected minima.
If desired the "n" suspected minima with least impulse will be examined by
first producing a small scale contour map of the region immediately surround-
ing the suspected minimum and then performing a steep descent optimization
using the suspected minimum as an initial iterate. If no contour maps are
desired the user still has the option of cono.ucting a steep descent search
beginning at each suspected minimum. The program also draws a picture
of the initial, final, and transfer orbits associated with each minimum found
by steep descent. Parameter tables giving the user many necessary input
and optimized results are included in the final output summary for each
optimization.
From the above description it should be clear that the program is
extremely versatile. The above quick description will be supplemented in
Appendix II by examining the results of running a typical sample problem.
The reader should note that considerable attention has been given to providing
output which is adequate and meaningful but not superfluous. The experienced
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programmer, when he gets into the details of the program, will discover that
he has considerably more options than those presented in the brief description
and sample problem given here.
DATA STRUCTURE
Figure 8 contains a description of the data input formats, and Table 3
lists the input formats associated. with each type of data card. Note that the
data cards are classified according to the number appearing in columns 79
and 80 except for the first two cards which are read independently and only
once at the 'beginning of each computer run. The first card is merely for
case description and allows the programmer to insert his own alphanumeric
identification. The second card is interesting in that it allows the user to
specify the central body and the unit system he wishes. For instancc; ; he
may write EARTH, MOON, SUN, VENUS, MARS, or JUPITER in the firet
field and the program will utilize the appropriate gravitational constant for
those bodies. Similarly, BRITISH, METERS, KILOMETERS, or BODY
may be written in the second field and the program will use the corresponding
unit system. In the case of the BODY specification, the program will expect
the user to supply an appropriate constant for g-times-mass of the attracting
center. These first two cards are unique in that they are read only once at
the beginning of the computer run and may not be reread. All other cards
may be repeated as often as desired to produce additional cases.
At this point in the computations the program enters subroutine INPUT
and reads the orbital elements, constants and control parameters from the
remaining cards. As noted earlier, each card and its format are identified
by the number appearing in columns 79 and 80. The program continues
reading until it encounters a non- zero
 entry in column 78. Figure 8 also
includes a description of each data parameter beside the 'ield where it appears
on the data card. These descriptions s1:,=.,ld suffice, but a few additional
words of clarification are offered in Appendix II. Of course, one who requires
complete knowledge of the functions of the input parameters may resort to
examining the program's listings in Appendix III.
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Table 3. FORTRAN Data Input Formate
Card
Identification	 Format
TITLE (18A4)
BODYUNIT (6A4o D12.0)
01 (6D12. 0)
02 (61)12. 0)
03 (6D 12. 0)
04 !61)12. 0)
05 (2D 12. 0,	 2I12,	 2D12.0)
06 (4D12.0,	 2112)
20 (3I l 2,	 2E 12. 0),	 112)
21 (6E12. 0)
22 (6E12.0)
23 (6E12. 0)
24 (6E 12. 0)
25 (6E12. 0)
46
.SD 69-3
SPACE DIV'ISIOI' or NORTUI AMERICAN	 CORPORATION
APPENDIX II
EXAMPLE OF THE USE OF THE
ORBITAL TRANSFER OPTIMIZATION PROGRAM
47
SD 69-3
SI'At 1-0 i HN ISIO» o f N W111 A;1tl;ltICAN It0)(:K%%'C1.1. (.0RP()KA7'10N
APPENDIX II
SAMPLE OPTIMIZATION PROBLEM
Much of tho foregoing discussion is difficult to understand without
realistic example. For this reason this appendix presents a rather compre-
hensive sample problem.
Figure 9 contains the images of several clata cards which were used to
produce `he computer output appearing as Figures 9 through 27. `The orbits
utilized for this example are inclined, elliptical, and non-coapsidal. Since
the British unit system was used the output parameters will appear in miles
and ft/sec. Figure 9 represents the first and second pages of printed output
and it contains the image of the data cards in the order in which they were
used. Note that not all of the data cards defined in Appendix I, Figure d,
are included and that this means that many of the deleted input data param-
eters were supplied by subroutine DATSET. Figure 10 contains a printout
of the data array common block showing the status of each data parameter
,lust prior to execution of the case. As noted earlier subroutine DEX trans-
forms the elements to a standard oriemation. These transformed elements
appear next in the printed output (Figure 11).
The program then generates the contour map of the entire function space
which appears in Figure 12. In this case, four possible minima were identi-
fied and noted by printing; the numbers 1, 2, 3, and 4 (in groups of five) on
the contour map and by the printed output appearing in Figure 11. Since the
data parameters indicated that further investigation of the suspected minima
was desired, the program generated four detailed contour maps (Figures 13-
16).	 The program then automatically conducted a steep descent search for
a local minimum within each suspected optimum region. The results of the
searches are tabulated in Figures 17-20.
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The printout for the steep-descent optimization is rather straight-
forward. It includes the three independent variables (0 1 , 0 2 , pt), their
partial derivatives and the impulse required. The "GAINS" are the current
values of the s i , "AMP" is the final value c f a, and ''IFAIL" is the number
of times Equation 50 is not satisfied. The last two columns of each iteration
printout contain the iteration number and the current value of IFAIL.
Figures 21-24 give the initial, final, and transfer orbits associated
with each local minimum. The descent path followed by the program is noted
by a sequence of characters plotted near the center of each contour map. The
final search point has
	 been darkened for additional emphasis. Note that
in this case the search initiation point was quite near the search termination
point. The four transfer orbits corresponding to the four locally minimum
transfers between the initial and final orbits are quite interesting to examine.
Note that two of these transfers are internal--that is, the y
 tend to be inside
both the initial and final orbits—and that two of the orbits are external. Note
also that the transfer angle for two of the cases is greater than 180°.
Data card 22	 w,,s used to produce the additional map which resulted
in the output seen in Figures ^!5-27. In this case an additional detailed
contour map was requested and its scale was changed. Note that the program
finds only one local minimum in this second map.
At this point the analyst could have included any number of additional
data cards and the program would have generated the specified additional
cases. For instance, entirely new orbital elements could have been intro-
duced by including new cards 01 and 02. This procedure , is illustrated in
Figure 8 .
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